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CONCERNING DU BOIS-REYMOND’S TWO RELATIVE 
INTEGRABILITY THEOREMS. y 


By Exviakm Hastines Moore. 


1. Introduction. The two theorems of du Bois-Reymond to be con- 
sidered are suggestively (and incompletely) expressed in the form: 

I. Acontinuous function of ( properly) mlegrable functions is integrable, 

II. An integrable function of an integrable function is integrable. 

Du Bois-Reymond announced the first theorem in 1880 (Math. Annalen. 
vol. 16, p. 112), and published a proof two years later (ihid., vol. 20, pp. 122- 
124), and in the latter connection he announced the second theorem. 

I have found no further reference to the second theorem ; in §5 I shall show 
by a simple example that it is not true. 

When one thinks, in the first theorem, of the integral of the compound 
function as the limit of a sum, I shall show in §§2, 3, 4, that the range of 
values of the terms of the sum may be extended without alteration of the 
integral-limit. 

In the case of the product of two integrable functions (for which case the 
original theorem was proved by du Bois-Reymond in 1875, in vol. 75 of 
the Journal fiir Math., p. 24), this extension was made by Dini (1878: Dini- 
Liiroth, Functionen einer reellen Veriinderlichen, §190, p. 347) : his process of 
proof is not applicable to the general case. Du Bois-Reymond’s general proof 
(1882) is however capable of immediate extension. I give the proof of the 
theorem of wider integrability and of the uniformity of this integrability for 
the set of all subintervals of the interval of integration by a process somewhat 
different from du Bois-Reymond’s process and in a desirably explicit form. 

This notion of wider integrability I have found of use in effecting a cer- 
tain extension of the second mean value theorem of the integral calculus. 


2. Du Bois-Reymond’s First Integrability Theorem. /f tl 


function 


Pitas « + + Fa) 
is a continuous function of its m arquments yo. es Ym all points 
Y= (4. - +5 Ym) Of the region R: 


(1) a =" = 8,, ri a, = Ya = B,, ee ¢ ay, = Um = £B,,: 
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it, furthermore, the functions (0)... + + Oy") are properly integrable on 
the x-interval a... b and take on (only) values which satisfy the conditions: 


(aSrsh); 


(2) a, = $(") = 8B. see An = Dy (4) = Bn 
then, the function 

S(*) sa Fd (“), 2 ae Pf") ) 
is properly integrable on the x-intervala ...b. 

3. Preliminaries of the Extension. The function Fy)... . Yn) 
is continuous on the closed region 72, and hence on that region it has definite 
upper and lower limits (or bounds) : 

F — L Fin, cl Yinds Fy, = L Fi. Ce Ym)s 
rik rjR 
and it is uniformly continuous ; that is, for every € a 6, exists such that 
PCy +--+ Yu) — Flys -+>Im)|< € 
for every two points Y', Y" of the region 2? for which 
ti— Wi <85---5 |Yu— Ym! < 4,. 

The function f() is, on the interval ¢ . . 6, a single valued function with 
definite upper and lower bounds f,, 4 Which lie on the interval /’, . . F'p. 

We considera partition 7 of the interval a . . 4 into a finite number (n) 
of intervals* 79 2)... 5%, 2) ",(40 = 4 “, = 4) and the corresponding general 


ie 


sum 


Je = Juby + 2 ++ 4 Jahn 


where 6, = 4, —+,, and f, is any value lying on the interval f, ... J; 
bounded by the upper and lower limits /,, f, of (0°) on the 2-interval 
Ped es ¢.% Lye ‘ 
Du Bois-Reymond’s theorem affirms the existence of the limit : 
LL Fe 
&, =0 
in the usual sense of the theory of proper definite integrals. 


Now we have as definition 


S(z) = F(@(2),-- +5 Ou(2))s 


* For brevity, here and below in several limit formulas an interval a’... b! is denoted by 
ath’. 
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and so 
Ni _ L F'(o,(*), e A6 Pu") )s Si . L F'(o,(~), e608 Pm (a) )- 


©) re-1*%s H | ryt, 


We consider the more inclusive or wider limits ‘ 
Si = L F'( dy. . 2 @ Pini) S, = L F'( dy, Pee 9 Dyk) s 


that is, the upper and lower limits of the set of all values of F'($,,. .. . ¢,,.) 
obtained by allowing each argument ¢,, (7 = 1,... m) independently to run 
through the interval $,, . . . $,, bounded by the upper and lower limits of 
$, (©) on the x-interval 1,_,.. 7,3 and we denote by fj) any number of the 
interval 7). . «7 and consider the wider general sum : 


(te 


Si 8, ee a ype Bais 


Thus every partition 7 of a... 4 determines such sums f° connected 
with a ...46, and the theorem of the wider integrability affirms the existence 
of the limit in like sense of these wider general sums and the relation 

Lsf= Lf.. 
& =) 6, =0 

The partition 7 of a... 4 effects a partition 7’ of a subinterval a’... b' 

of a... into (at most) # partial intervals of lengths 6)... , 6) where then 


“ 


O0= 6) 3 6,, é} +..+ 86, 4’ —~a'. We consider the general sum 


nn 


Son =A, + +> + Fu, 


and the wider general sum 


fre =f +--+ 78 


J a's 1 Jw 
From these general sums we obtain the corresponding upper sums by 
replacing throughout f,. f7 bv 7. f¢: and similarly we obtain the correspond- 
ing lower sums, 
In these notations it is evident that 


Jn 2fe.» Se=Ses 


an 
and that, for a given partition 7 and interval a’... 4' and corresponding 


partition mw’ of a’... U, 


he < eh’ 7 1 ; *»’ 
J ae a Se n° J J s 
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and so that every sum f*, is a sum /?, while the converse is in general 
not true. 
We have always the relations ; 


nf... +, af, -~ Fai. -35 


/ a'r a'r’ / a'r / ar / anx* 
with similar relations for the wider sums. 
4. The more intense First Integrability Theorem, 7%e /imits 
» Jo. 
6, =0 
of the wider sums f'* with respect to the various intervals a’. blofa...b exist, 
and the convergence is un iform, for the set of all such intervalsa’'...U'. The 
limiting values are of course 


L Seu — | 1 wyidle (a = a’. i => h). 


8, =" 


Remark. The theorem, in so far as it concerns the sums f?* instead of 
the sums / 


**., affirms somewhat more than the uniformity of the wider inte- 
grability. 


Proof. We shall exhibit for a given € a partition 7, of a... such that 


Fou," Fa, « * 
From this inequality, in view of the tinal remark of §3, the theorem follows by 
considerations similar to certain considerations*® of the usual theory of definite 
integrals. 

The m functions ¢$,(“) (g=1,..,) are integrable from a to b. 
Hence, by Riemann’s necessary condition, there exists for each function $,(") 
with respect to any two given positive numbers ¢, Aa partition 7,,, of a... 
such that the sum of those intervals of 7,,, on which the oscillation of $,(a) is 
greater than ¢ is itself less than A. By superposition of any m such partitions 
Pye. (Y=1,.., m) we havea partition 7,, such that on every interval, apart 
from intervals of total length less than mA, the oscillation of each function 
$,(") (g=1,.., mm) iwat most o. Taking for ¢ the 8 connected with the 
uniform continuity of F(y,,.., 4), € being a positive number subject. to 





* Cf. the theorem of Dini, 1. ¢., §185, p. 330. 
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later determination, we see that on every interval of 7,,, apart from the inter- 
vals specified, the corresponding oscillation /,, — /, is less than é while on every 
excepted interval the oscillation /, — f;, is at most /’,, — F',. Hence for this 


partition 7,, (¢ = é..) we have 


fe as re P < é (4 _ a) + mXr ( Fp —_ Fp). 


Omaa ¢ @ %s 
Thus, if we set, with respect to the given e, 


' z.. 
€e = = c= 6... = 
24 se” ' - 


1 € 
Qn Db ’ ’ 
Frp—-Frp+ 





we have in a partition 7,, the desired partition 7,. 
5. An Example in Contravention of du Bois-Reymond’s 
Second Integrability Theorem. 


The Theorem. Wt the function f(x) is properly integrable from a to 4 
and has the limits ; Ja», and if the function g(7) is properly integrable 
from fa, to fas, then the compound function g(f(.r)) is properly integrable 
from a to bh, 

The Example. We take the x-interval 0... land consider the exhibi- 
tion of a number x to the base 3: 
iad 


S&S = 
r 


\| t4s 


by s 
0 


where each digit 7, , is 0, 1, or 2; we exclude the repetend 2, and thus have 
a uniqtle exhibition of every number x (0 S 1 = 1). 
The function /(2) for x with a terminating exhibition : 
o*, ir, 20 
shall have the value 
f(r) __ = ] ) rot 3-r : 
while it shall be 0 for all other values of 2. This function is properly in- 
tegrable from 0 to 1, and it has everywhere densely values both positive 
and negative. 
The function g(y) : 
( a § y > "e 
qg(y) = « 0 y=O0>, 
F .. 1 4 o§ 


ix properly integrable on every finite interval. 
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The function A(.) = g( f(.)) for 0 S « = 1 has the values : 
hw) (—1)*.2, or 0, 


according as « has or has not a terminating exhibition. Thus it has values 
0, + 1, —1 each everywhere densely. It is accordingly not properly inte- 
grable. 


THE UNIVERSITY OF CHICAGO, May 29, 1901. 











ON A THEOREM OF KINEMATICS. 
By PauL Savuren. 


Ir is a well known theorem of kinematics that every displacement of a 
rigid body is equivalent to « rotation followed by a translation parallel to the 
axis of rotation. The following elementary demonstration of this theorem 
may be of interest. 

We shall assume the following theorems : 

I. Every displacement of a plane figure in its plane is equivalent to a 

translation, or to a rotation about some point of the plane. 

II. Every displacement of a rigid body about a fixed point is equivalent 

to a rotation about an axis passing through that point. 

As a corollary to the first of these theorems it follows that every displace- 
ment of a rigid body which transforms a system of parallel lines into itself, is 
equivalent to a rotation about one of the parallel lines followed by a transla- 
tion in the direction of the lines, or to two translations, one perpendicular, the 
other parallel to the lines in question. 

From the second of the above theorems it may be shown in the usual way 
that every displacement of a rigid body is equivalent to a translation followed 
by a rotation. Consider three points of the body, not lying in a right line, 
which are initially in the positions A,, 2,, C, and finally in the positions 
Ay, By, Cy. Atranslation of the body will move the first point from the posi- 
tion .1, to the position Ay, while the second and third points will take the 
positions 41, C]. From theorem IT it follows that these points may then be 
brought from the positions /3}, Ci) to the positions B,, Cz, bya rotation about 
an axis through s1,. 

After the translation every line of the body occupies a position parallel to 
its original position ; after the rotation only those lines of the body which 
were parallel to the axis of rotation occupy positions parallel to their original 
positions. Thus, if the displacement considered is not equivalent to a trans- 


lation, there is one and only one system of parallel lines which is transformed 
into itself, namely, the lines parallel to the axis of rotation. 


(159) 
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From the corollary to the first theorem the desired theorem now follows 
at once: Every displacement that is not equivalent toa translation is equiva- 
lent toa rotation followed hy a translation parallel to the axis of rotation, 

Incidentally it may be noticed that, however we decompose the displace- 
ment into a translation and a rotation, the axis of rotation is always one of 
the system of parallel lines which the displacement transforms into itself, 


New York, January 19, 1901. 




















THE COLLINEATIONS OF SPACE WHICH TRANSFORM A NON- 
DEGENERATE QUADRIC SURFACE INTO ITSELF.* 


By Rutn G. Woon. 


Tue object of this paper is to discuss the x° collineations of space which 
transform a non-degenerate quadric surface into itself. These fall into two 
classes. The collineations of the first kind leave the two systems of genera- 
tors of the quadric invariant, while the collineations of the second kind inter- 
change the two systems. When the quadric surface degenerates into the 
imaginary circle at infinity, these collineations of the first and second kinds 
become respectively the displacements and the symmetry transformations of 
euclidean geometry. We shall then call a collineation of the first kind a non- 
euclidean displacement, and a collineation of the second kind a non-euclidean 
symmetry transformation. These transformations for euclidean geometry have 
heen discussed by Mr. Gale in a paper entitledt Wiener's Theory of Displace- 
ments, with Application to the Proof of Four Theorems of Chasles. The 
methods here employed are similar to those used by Mr. Gale, while the theo- 
rems obtained correspond in non-euclidean space to the four theorems of 
Chasles proved in his paper. 

This correspondence is readily seen if we choose the quadric surface for 
the absolute. Two lines are then said to be conjugate polars with respect to the 
absolute when the polar planes of all the points of one line pass through the 
vther. Two planes are said to be conjugate or perpendicular when the pole 
of one lies in the other. Two intersecting lines are said to be perpendicular 
when each intersects the conjugate of the other, and a line is said to be per- 
pendicular to a plane when it passes through the pole of the plane. 

The fundamental operation in this discussion is the involutory transfor- 
mation known as a skew reflection on conjugate polars of the quadric. By 
this operation a point 7 is transformed into a point /” such that the line 7?7” 
is divided harmonically by the two polars, which are called the directrices of 
the skew reflection. When the quadric degenerates into the imaginary circle 
at infinity the skew reflection becomes reflection in a line, the transformation 





* This paper was read before the American Mathematical Society, December 28, 1900. 
+ ANNALS OF MATHEMATICS, ser. 2, vol. 2 (1900), p. 1. 
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used by Mr. Gale in his discussion. . We shall then call a skew reflection on 
conjugate polars of the quadric a non-euclidean line reflection. 

We shall first show that any nan-euclidean displacement may be resolved 
into the product of two non-euclidean line reflections. This affords a simple 
method of resolving non-euclidean displacements and symmetry transforma- 
tions so that some of their fundamental properties are at once evident. From 
these resolutions theorems concerning the displacements of straight lines and 
plane figures in non-euclidean space are readily deduced, which, as before 
mentioned, become well known theorems of Chasles when the quadric degen- 
erates into the imaginary circle at infinity. 


Non-Eveiipean DispLacEMENTS. 


Non-euclidean displacements leave the two systems of generators of a 
quadric surface invariant and may be classified according to the invariant figure 
upon the invariant quadric. The resolution into skew reflections depends 
essentially upon a theorem of Wiener concerning projectivities. 

A projectivity upon a line is the projective relation between the poitits 
A, B,C... and the points 1, 2.0"... of that line, and may be denoted 
by the symbol ABCaA BC. The two points on the line which correspond 
to themselves are called double points. If P.QY are corresponding points, 
and J, D’ the double points of a projectivity, the cross ratio (2D, PQ) is 
constant. When this cross ratio is harmonic the projectivity is said to be an 
involution. Wiener’s theorem above referred to is : 

alny projectivity DP PrDIYY may be resolved in 2 ways into the 
product of two involutions,* 

Proof. Any point upon ?Y may be chosen as a double point J), of the 
first involution. The second double point J7{ is then determined as the fourth 
harmonic of Y, D' and 1. In this involution the point 7? will correspond to 
a point 7”. The double points 2, 2f of the second involution are now 
chosen to divide harmonically J, J’ and 7”, Q. 

If Dand / fall together in J), so that J? P2/*#Q, then D and any point 
D, upon PY are chosen as the double points of the first involution. In_ this 
involution the point 7 will correspond to a point 2. The double points of 
the second involution are 2, and 2), D, being chosen as the fourth harmonic 
of DP’ and Q. 


* Leipziger Berichte, vol. 43 (1891), p. 648. 
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This being established we may now state our 

FUNDAMENTAL THEOREM: Any non-euclidean displacement may be re- 
solved into the product of tivo non-euclidean line reflections. 

We will give the proof for the following five types of displacements, which 
are evidently ail that can occur. 

(a) Two generators of each system remain fired.* The conjugate polars 
which are the opposite edges of the tangential tetrahedron formed hy the four 
fixed generators we shall call the axes of this displacement. The displacement 
depends upon fourteen parameters and is completely determined by the inva- 
riant quadric SY, the vertices A, B, C.D) of the tangential tetrahedron and a 
pair of corresponding general points 7? J” which lie upon S. Through P and 
/” draw the lines intersecting the axes A/J and BC in L, L' and WM, M' re- 
spectively. Then upon AD and BC are established projectivities such that 
ADLTADL and BOMr BRCM’. Each of these projectin ities may be resolved 
in «! ways into the product of two involutions. The lines joining in pairs 
the double points of these involutions are conjugate polars with respect to the 
quadric and may be taken as the directrices of two non-euclidean line retlec- 
tions, the product of which is a displacement which leaves the quadric S inva- 
riant. Since the double points may be joined in four ways, four different 
displacements are thus obtained each of which leaves the tetrahedron ABCD 
invariant and transforms one intersection of the line 1.W with the quadric into 
an intersection of the line L’.W' with the quadric. Hence one of these dis- 
placements transforms the point 7? into the point 7” and is consequently the 
given displacement. It may be found by at nfost four trials. The resolution 
of this displacement into the product of two line reflections may thus he effected 
in x* ways. 

(b) Two generators of one system and one of the other remam fired, 

This displacement has two fixed points, the intersections of the fixed gen- 
erators. It depends upon thirteen parameters and ix completely detined by 
the quadrie S, the two fixed points A, 2 and a pair of corresponding points 
P,P’ on 8S. Through P and 7” pass the generators which intersect the fixed 
generator AB in the points Zand LZ’. Then upon .t/ is established a pro- 
jectivity ABL«2 ABL' which may be resolved in x! ways into the product 
of two involutions with double points D,, Jj and 2, 2;. Through 7), and 


* The fundamental theorem for case (a has been stated by M r. Wilson, Trans. An r. Math. 
Soc., vol. 1 (1900), p. 196 
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Dj} draw any pair of conjugate polars, which may be done in x! ways. By a 
reflection on these lines as directrices, the point /? is transformed into a point 
P" on the quadric. The directrices of the second line reflection are conjugate 
polars through 2, and Jj and must be chosen so as to transform 7?” into 2”. 

This may be done as follows: Through /), draw the generator of the first 
system and note the points Wand WW’ in which generators through 7” and 7” 
intersect this generator. The first directrix of the line reflection is the line 
joining the fourth harmonic of W, Wand 7, with /;. The second directrix 
ix its conjugate polar and passes through J)... The resolution of this displace- 
ment into the product of two line reflections is thus effected in x? Wis. 

(c) One generator of each system remains fired, 

This displacement has one fixed point 4, the intersection of the tixed gen- 
erators. It depends upon twelve parameters and is completely determined by 
the quadric S, the fixed point A and a pair of corresponding points 2, 2” on S. 
Through P and 7” draw generators which will intersect one of the fixed gen- 
erators in Land Z’. Then upon this generator is established a projectivity 


such thatuP La A?L'. This projectivity may be resolved in x4 ways into the 


product of two involutions with double points «1, 2, and wl, 4. The diree- 
trices of the line reflections are now determined as in case (4). 

The projectivity may also be established upon the other fixed generator. 
The resolution of this displacement into the product of two line reflections 
may thus be effected in x? ways. 


(/) Tire generators of one syslein and all of the second syste remain 


Sived, . 


All the points of the two tixed generators of the first system are invariant 
under this displacement which depends upon nine parameters. The displace- 
ment is completely determined by the quadrie S, the tixed generators, and a 
pair of corresponding points which will lie upon a generator of SS belonging 
to the second system. Then upon this generator is established a projectivity 
in which the intersections of the two tixed generators of the first system are 
double points. This projectivity may be resolved in x! ways into the product 
of two involutions with double points 4, Di and 7),, 25. The directrices of 
the first line reflection are any pair of conjugate polars through J, and J). 
They will be the opposite edges of a tangential tetrahedron formed by the 
generators through D, and J) and another generator of the second system. 
The directrices of the second line reflection are then uniquely determined. 


They are the conjugate polars which are opposite edges of a tangential 
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tetrahedron formed by the generators through J), and Di, and the same 
generator of the second system. The resolution of this displacement into the 
product of two line reflections is thus effected in x? ways. 

(©) One generator of one system and all of the second system remain 
fixed. 

The points of the fixed generator of the first system remain invariant un- 
der this displacement which depends upon eight parameters. The displacement 
is completely determined by the quadric .S, the fixed generator, and a pair of 
corresponding points which will lie upon a generator belonging to the second 
system. Then upon this generator is established a projectivity whose double 
points fall together in the intersection A with the fixed generator of the first sys- 
tem. This projectivity may be resolved in x! ways into the product of two 
involutions with double points D,, Aland D,, A. The directrices of the line 
reflections are now determined as in case (7). The resolution of this dis- 
placement into the product of two line reflections may thus be effected in x? 


Ways. 
Composition OF Two Nown-EvuciipeEan DISPLACEMENTS. 


The resolution of non-euclidean displacements into the product of two 
non-euclidean line reflections affords a simple method of compounding two 
such displacements C, and Cy. For this it is necessary and suflicient that C, 
and C', be resolved so that a line reflection (#v') shall be common to both dis- 
placements. We may resolve two displacements Cand C, of type (7) into 
the product of two line reflections such that the unique transversals wi of the 
axes of C; and OF are the directrices of a line reflection common to both dis- 
placements. = Then if Cy = (/’)(nu’) and Cy = (an’) Gam’), CY OC, = ) 
(nn')(nn') (am) = (1) (mm). When the transversals # and w’ fall together 
the composition is evidently impossible. If C', belongs to type (a) and Cy to 
type (4), the directrices (nn’) of the line reflection common to both displace- 
ments are determined as follows: Through the fixed points of C, draw the 
generators which intersect the single fixed generator AB in Land 1’. Find 
the points on this generator which divide harmonically L, Z/ and 1, 2. 1 and 
ware the lines passing through these points and intersecting the axes of C,. 
They are easily seen to be conjugate polars and are uniquely determined, 





* The unique transversals of two pairs of conjugate polars are conjugate polars, for if a 
line cut two pairs of conjugate polars the same is true of its conjugate polar. 
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The determination of the common line reflection for all the different cases 
presents no difticulties. 

If in a non-euclidean displacement C, = (//) (wae), U intersects m, 7 will 
intersect wv’. C has then an axis of fixed points which is the line joining the 
intersections of 7 with mand /' with wa’. Conversely, every displacement hav- 
ing a fixed axis 2? may be resolved in x? ways into the product of two line re- 
flections whose directrices intersect in pairs on the fixed axis. This follows at 
once from the fundamental theorem, if one notices that the corresponding 
points in the projectivity established upon 7? fall together as do the two sets 
of double points of the two involutions of which this projectivity is the prod- 
uct. Hence the directrices of the two line reflections intersect in pairs on 22. 
Such a displacement will be called a non-euclidean rotation about the fixed 
axis. One sees readily that corresponding points lie in a plane with /?’, the 
conjugate polar of 72. 


RESOLUTIONS OF NON-EUCLIDEAN DISPLACEMENTS. 


By means of a non-euclidean rotation and our fundamental theorem we 
readily obtain the following resolutions of non-euclidean displacements. 

A straight line L heing yiven every non-euclidean displacement may be 
resolved into the product of a non-euclidean rotation about L followed by a 
second non-euclidean rotation. 

To prove this, resolve the displacement into the product of two line retlec- 
tions (7) (mm) such that 7 shall be perpendicular to 1. Let (nv') be a line 
reflection such that ” is perpendicular to Z at its point of intersection with / 
and let n also intersect Mi. Then ( IT’ )( nn »( ni’ )( mit’ ) — (If )( mm’), and 
(/I')(nn') is a fotation about ZL while (an) (im') is a rotation about an axis 
f, which joins the intersections of a with w and wn’ with aw’. 

Let now (vv') bea line reflection such that is perpendicular to Lat its 
point of intersection with /and let » also intersect w'. Then (//') (n'y (n'y 


(am) = (l') (mim), and (1) (an') isa rotation about L while (nu) Gam’) isa 
rotation about an axis 72, which joins the intersections of » with aw’ and xv’ with wm. 
In these two resolutions the axis Z is perfectly arbitrary and as far as the 
points in Z are concerned the transformation is that of a non-euclidean rota- 
tion about 72; or 72. Hence 
Every displacement of a straight line in non-enclidean space may be effected 


hy a non-euclidean rotation about he, ov ahout T,. 
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Non-EUCLIDEAN SYMMETRY TRANSFORMATIONS. 


To obtain corresponding theorems concerning the displacement of plane 
figures in non-euclidean space it is necessary to study non-cuclidean symmetry 
transformations and in particular that known as a point plane reflection or a 
non-euclidean plane reflection. By this transformation a point P is trans- 
formed into a point 7” such that the line 77/7” is divided harmonically by a 
point and its polar plane. * a 

The product of two non-euclidean plane reflections is a non-euclidean dis- 
placement having a fixed axis, the intersection of the two planes, and is there- 
fore a non-euclidean rotation. The product of two plane reflections on per- 
pendicular planes S,; and S, passing through a line / is a non-euclidean line 
reflection having for directrices / and its conjugate /’. For if 7? is any point 
in space and 2” the point obtained by reflection on S; and S,, one may readily 
show that 277” is divided harmonically by / and /'. Conversely, every line 
reflection may be resolved into the product of two plane reflections on perpen- 
dicular planes S,; and S,. For if Pand /” are corresponding points of the 
line reflection (//), pass a plane S, through / and 7? which intersects /' in WV. 
S, is now chosen as the polar plane of Wand 7? is transformed into 7” by 
(S))(8,). Two plane reflections on perpendicular planes are commutative, 
for (SN, OS,)0C5,) O89) (Myc) land hence (.S))(8,) (.N,)(N)). 

Since a non-euclidean symmetry transformation interchanges the two sys- 
tems of generators of the quadric, it is evident that every von-euclidean dis- 
placement may he compounded ofa non-euclidean plane reflection on oan arhi- 
trary plane followed by a non-euclidean Symi try transformation. 

Our fundamental theorem now enables us to obtain a form for symmetry 
transformations such that some of their important properties are at once evi- 
dent, 

Consider a plane reflection (8) followed by any non-euclidean symmetry 
transformation (2). The result is a displacement which may be compounded 
of two line reflections (1/') Gam’) such that / shall lie in the plane 8S. Replace 
(/') by a plane reflection in S followed by a plane reflection in the perpendic- 
ular plane S, through 7. Then (8)(%) = (7) (Gm) = CS) CS) Qu’). 


* It is readily seen that this transformation interchanges the two systems of generators of 
the quadric surface, for the tangent planes through the pole contain a generator of each system 
which are interchanged by the transformation. 
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Whence (5) = (8,) (mw) and S,(#m') is any symmetry transformation. 


Hence 

Every non-euclidean symmetry transformation may be effected by a non- 
euclidean plane reflection followed hy a non-euclidean line reflection. 

Replace now (van) by two plane reflections on perpendicular planes S, 
and WS; through mm such that S, and S; are perpendicular, Then S,(am') = 
(S)) OS2) (S83) = O53) 051) C82) = R)(S3) = (S3)( R) where (S,) (Sy) isa 
rotation about an axis 2? perpendicular to S;. Since (22) and (Ss) are com- 
mutative it follows that 

Every non-enclidean symmetry transformation may be effected by combin- 
tng in either order a non-euclidean plane reflection followed by a non-euclidean 
satation about an axis perpendicular to the plane of the reflection. 

The line reflection (aa) may also be replaced by two plane reflections 
on perpendicular planes Sy and S; through w’ such that S, and WS; are perpen- 
dicular. Then, since planes through conjugate polars are perpendicular, the 
planes S.,.8;, 8,, 8; are mutually perpendicular and are the four planes of a 
polar tetrahedron. Since the plane WS; passes through the pole of S; and S; 
the intersection of NS; and WS, is the same as that of S,; and S,. Then S;, 
(muy = ON) ON) ONS) (22)(S,). Hence 

Every non-euclidean symmetry transformation may be resolved into the 
product of a non-euclidean plane reflection on one of two perpendicular planes 
Sollowed hy a non-euclidean rotation about an axis perpendicular to these planes. 

Every symmetry transformation (/?)(.S;) = (/?)(.S,) has therefore two 
invariant perpendicular planes S;and WS; and two invariant points on J?, namely 
the poles of NS; and N;. 

In the resolution of a non-euclidean displacement into the product of a 
plane reflection followed by a symmetry transformation, the plane of reflection 
is perfectly arbitrary, and as far as the points in this plane are concerned the 
transformation is that of a symmetry transformation. Hence 

Every displacement of a plane figure in non-euclidean space may be 
effected bya non-euclidean plane reflection followed by a non-euclidean rotation 


about an axis perpendicular to the plane of the reflection, 


Metric Prorertises. 


Let us now introduce non-euclidean distance and angle. We shall thus 
see that the correspondence between the transformations discussed here and 
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those of euclidean space is complete. When the quadric is chosen for the 
absolute, the angle between two intersecting lines 7? and (J is given by 
; =) * 


(’ low (PQ, 1, 7)) 


where C is an arbitrary constant and 7) and 7, are the tangents drawn from 
the point of intersection to the conic which is cut from. the quadric by the 
plane of Pand GY. The distance between two points Pand 7” is given by 


Clog (PI, Lh) 


where J, and J, are the points of intersection of 277” with the quadric. 
If //, and //, are the foci of the involution detined by two pairs of cor- 
responding points 277” and /,/, of a non-cuclidean transformation then 


Pl, Ill, /” 1, I1/1, and hence 
(PU, Ils) = (PU bh) — ANP. IL) 


and 


(PU, thy = (PH, Lh) = ALP Ly) 


That is, the foci //, and //, are the middle points of the line 2777. Thus 
by a non-euclidean line reflection or plane reflection a point 7? is transtormed 
intoa point 7” such that 2 and /” are equidistant from two fixed points. 
The fixed points in the former case are the intersections of 27” with the 
directrices of the line reflection, in the latter case the pole and the intersee- 
tion of 22” with the plane of the reflection. 

It is readily seen that any line intersecting the axis at right angles is car- 
ried by a given non-euclidean rotation through a constant angle. For the line / 
ix transformed by the rotation 22 = (//')(a') into a line w also perpendicular 
to the axis FR. Then if 7; and 7, are the tangents drawn from the intersec- 
tion of 7and m to the conic which is cut from the quadrie by the plane of / 
and m,the cross ratio (Jn, 7; 7) remains constant. For the lines 7) and 7) will 
touch the quadric at the points of intersection of /?, the conjugate of 72, with 
the quadrie. Then upon 7? is established a projeetivity in whieh the inter- 
section of 2? with J and n are corresponding points and its intersection with 
7, and T, double points. Henee the cross ratio (/a, 7) 7) is constant and 
therefore the angle between / and 2 is constant. This constant angle is equal 
to twice the angle between 7 and wm for by (vi') 7 is carried into a line 1 
and m remains fixed. The cross ratio (/i, 7) 7)) becomes (ii, 1, T,) : that 
is, the angle between m and # equals the angle between / and 1. Hence the 








gE eee 


Se reer ene 











. 
RRs 5 ER ti Tei 
RS Ter a me) Lo te 
Tye ey i - agent Pass 
LP GONG CRG OF NT CI TI BNO, OE . 


4 > et =< - - 
Sa alia teeta nd Sine nce eee 


ervey pee 


































170 Woon. 


path curves of a rotation are circles in the non-euclidean sense in planes  per- 


pendicular to the axis of rotation. 
ReEsULTING THEOREMS. 


To obtain theorems concerning the displacement of a straight line in 
non-euclidean space, consider the rotations Ry, = ()(mm') and Ry = (nn) 
(ss’) by means of which this displacement may be effected. Tf 7? and 7” 
are corresponding points of these rotations then the middle points of 277” will 
lie upon 22) and 225 the conjugate polars of 22; and /?,. For draw / and x through 
P. Then P remains fixed by (//') or (a) and is transformed into 2” by (am) 
or (ss). The middle points of 7?,/” are the intersections of wm and a’ (or s 
and x’) with P/”. These two middle points coincide with the intersections 
of PI" with Py and 7?y, since P72", 2) and 725 are in the same plane and aw’ 
(or s’) intersects both 77” and 7?) (or P27" and 25). Hence 

THeorem I. fa straight line be displaced in non-euclidean space the loci 
of the tivo middle points of chords joining congruent points are straight lines. 

Also since the polar planes of the points on a line pass through its con- 
jugate polar we have 

THeoREM I]. (anes perpendicular lo these chords at their middle pots 
intersect, each set inca straight line. 

The middle points will lie on the conjugate lines of the axes of the two 
rotations by which the displacement may be effected and the perpendicular 
planes will pass cach set through those axes. 

Similarly we obtain theorems concerning the displacement of a plane fig- 
ure in non-euclidean space by considering the symmetry transformation 
(S,) OS2) OS3) = O51) 0S,) OS5) by means of which the displacement may be 
effected. If 2 and 7” are corresponding points in (.S;)(S,)(S3) then one 
middle point of 7” will lie in S,. For pass S; through 7, then 7? remains 
fixed by (S,) and goes into P?’ by (S,)(S8,). But (S,)(S8;) isa line reflection 
and hence one of the middle points lies in S;. In the same way we see that 
the other middle point lies in S;. Hence the theorems. 

Tneorem III. If a plane Siqure he displaced in non-euclidean space the 
loci of the middle poms of chords joining congruent potuts are perpendicu- 
lar planes. 

THeoremM IV. Planes perpendicular to three chords at their middle 
points pass cach set through a point. 
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The middle points will lie in the invariant planes of the symmetry trans- 
formation by means of which the displacement may be flected and the per- 
pendicular planes at these points will pass through the invariant points of the 
transformation. 

For elliptic space, in which the imaginary surface detined by the real equa- 
tion #2 + 2? + 2? + 2? = 0 is taken for the absolute, the above four theorems 
hold without modification. 

For hyperbolic space, in which the real surface with imaginary generators 
r+ #2 + 2? — 2 = 0 is taken for the absolute, only one set of middle points 
lies inside the absolute. These points are all real since the fundamental in- 
volutions are hyperbolic. © The four theorems are so far modified for real 
fivures that only one middle point and one locus appear in each theorem. 


If the absolute degenerates into the imaginary circle at infinity one set of 


middle points recedes to infinity and the theorems become the four well known 
theorems of Chasles for euclidean space which are the same as those for hyper- 


holte space, 


Yate University, Fenrvary, 1901 
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NOTE ON MULTIPLY PERFECT NUMBERS.* 


By Jacon WeEstLuUNpb. 


Ix the Annas oF Matuematics, ser. 2, vol. 2 (Jan. 1901), p. 108, 
Dr. D. N. Lehmer proves that no multiply perfect numbers of multiplicity 3, 
containing less than three distinct primes, exist. The object of the present 
note is to determine all numbers of multiplicity 3 of the form m = dr Po® Ps 
Where py. Poy Ps ave three distinet primes and Py < Po < Ps. 

Defining a multiply perfect number as one which is an exact divisor of 
the sum of all its divisors, the quotient being the multiplicity, we havet 


potty p" +1 1 Pp l 
PPV) pepe 1) pss —') 


In order to obtain necessary conditions which p,; and py must satisfy, we 


(1) D 


use the inequalityt 
U dy dn 
(2) » iM ; I Ps. 
I ps— | sb 
From this we inter that y, and y, must be 2 and 3 respectively, for the 
maximum value of TE 4" — will exceed 3 only for fy = 2and p, = 3. 
n=] }’, - - 
Hence we have 


24 +' — ga +t. jn + 
(3) a : es 


tL 
~~ 


from which we vet 


( 4) py r+ | ~ 


Hence the only prime fietors that py, + 1 can have are 2 and 3: 
oe Du he (O- pom +], OSvSa,+1). 


Here, w cannot have the value 0, since p, + 1 isan even number. From (3) 
we vet 


Ys pa, + l fete + l (20: 4 l ] )(3" +] ] (ps Ae 1), 
or 
(5) ps 2" Tie Bit hs "ogg ee 1)(3u4+t — 1). 


* Read before the Chicago Section of the American Mathematical Society, April 6, 1901. 
+er. Lehmer, J. c. 


(172) 
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Since the parentheses in the right hand member of this equation are 


prime respectively to 2 and 3, two possible cases present themselves. We 
must have either 

ees cn = Fa tie — 24 +136 _ ya, +1—4 

(2e+'_ |] = gut!-> 


or 
(gu +! l= 2+! “ 
Il. ; 
{ 2" a l = jy 3” +t —* — Je Ba,+) _ Qa,+) 
Cause 1. In this case we have! 
3a,+) _ ] = 3%+1—> 
Lact a, + f= 2 ign + 1). 
Then oa,+t . J QA m+) _ 4. 


1 WA =O, then 2%4+! — 1 2-4" —1 = 2(4" — 1) + 1 which is not 
divisible by 3, since (4" 1) is divisible by 3. 


2, If A= 1, then 2“ +' -— 1 (2*"*' — 1) (2*! + 1), which contains 
other prime fuetors besides 3. unless QO: since if one of 
the factors is divisible by 3, the other is not. For u O we have 
a+ l= 2anda,4+ 1 =v 4+ 1 and hence 

3r+t - l = ye ye ae pes, 
or a” = 2F-* . ]. 


This gives «= 1, v = 0 which is impossible since py > 3. 
$4. If A> 1, then 2+! — 1 16277240 _ 1, whieh is always divisi- 
ble by 5. 
Thus in Case I there are no multiply perfect numbers of the type here 
considered, 


Case Il. In this ease we have 


she ean a4] “ 
Let lg + 1 = 24 (2n +1). 
Then 30, 4 _ l = an Pat ER) a 


1 Wf A=0, then 3¢+!'- 1 aq" 1) + 2. whieh contains other 


primes besides 2 unless 1 = 0. For «= Owe have a, + 1 = 1 which 


is impossible. 
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2. If X=1, then 3867! —1 = 9(81" — 1) + & which contains other 
primes besides 2 unless « = 0. For w= 0 we have ag + 1 = 2 and 
a+l=yH+3. Hence 

De +3 l — De, 32 a2—* 


F oo 
or 2e aa ee 


The only values of «and vy which satisfy this equation are w= 3, v = 0 
and w= 1,vy=1. The corresponding values of a), 4, pygare a, = 5, 
Gp = 1, ps = ( and a, = 3, a, = 1, p, = 5. 
It is found by trial (Lehmer, /. ¢.) that the resulting numbers, 25.3.7 
and 2°.3-5 are multiply pertect. 
3. If > 1, then 82+!— 1 = 812° > *2"+) — 1, which is divisible by 5. 
Hence the only multiply perfect numbers of multiplicity 3 of the form 


m= py ps? ps ave the two numbers 2°.5-5 and 2°. 3. 7, 


PURDUE UNIVERSITY. FEBRUARY, 1901. 








THE ISOPERIMETRICAL PROBLEM ON ANY SURFACE. 
By J. K. Wiirrenmore. 


One of the most famous problems of mathematics is the so-called isoperi- 
metrical problem in the plane: to find among closed curves of given perime- 
ter that enclosing the greatest area. That the solution of this problem is the 
circle was known to Pappus* who wrote about 300 A. D. 


The problem can be solved by the methods of the Caleulus of Variations. t | 
I vive here a brief solution of the problem stated in a slightly different | 


form. Let it be required to draw a curve of given length, Z, between two 
viven points of the N-axis (¢@, 0), and (4, 0), supposing 


Tv 
O-4 — (i L ,(4—«), 


such that the area between the curve and the Y-axis shall be a maximum. 
Analytically, this is to make the integral 7a maximum, subject to the condi- 


tion that the integral Z shall have a given value, where 


4 7 . 
/ I y da, L / \ i 4 yoda, 


Ja 


The method of the Caleulus of Variations consists in forming the integral, 


b 
i- | (¥ 4 A\ : s yy de, 


where A is an undetermined constant, and then requiring that the first varia- 
tion of @ shall vanish. The differential equation that thus results is the ii 
following : | 
/ y 
i watea J 0, (1) 
da V14y* 
dy! . 
The expression anes _ is the curvature of the curve y = 4(*”) 
sl \ l + yo 


* William Thomson, Popular Lectures and Addresses, vol. 2, p. 508. 
+See e.g. Jordan, Cours @analyse, 2d ed., vol. 3, p. 497, where necessary conditions are 


obtained: Kneser, Lehrbuch der Variationsrechnung, pp. 123 and 136, where a complete solution 


is given. 


(175) 
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Hence (1) tells us that the radius of curvature of the curve sought is constant 
and equal to A. The solution is then a circle of radius A, which may be de- 
termined so as to make the length of the arc, between the two points, equal 
to L. 

A natural generalization is the same problem on any surface. This I 
shall now consider, proving that the curve sought is, at all points at which 
it has a tangent that turns continuously, of constant geodesic curvature. 
The necessary condition has long since been obtained; cf. for example, 
Knoblauch, Avumme Flichen, p. 251: Kneser, /. ¢., p. 125, and Darboux, 
Théorie des surfaces, vol. 3, p. 151. It is my purpose here to give a treatment 
different from those which I have seen, which from the point of view of differ- 
ential geometry is particularly simple. 

We suppose given a surface and on it a curve connecting two of its 
points. Assume an arbitrary system of curvilinear coordinates (4, 7) on the 
surface, and let the coordinates of the given points be (%, 79) and (m4, 7) 


respectively : the equation of the given curve, 
r= f(ny). 


The problem before us is fo Jind acurre, v = b(u), jotning the tivo given 
potuts (%, "y) Gnd (1, 7), having a given length Ly and such that the area 
of the portion of the surface hetween the tivo curves, v = f(y and v = b(n), 
shall he a marin, 

The geodesic curvature 1/py of a curve on the surface, YC.) = 0, is 
given by the following equation :* 


Py 
1 5 é "> ~ Ss c Pa Ee ? 
VEG—F? lon VE(2)?-2F 234 (4)? OV E(t ere ay? J 


fuer ’ 


If for Wu), we write » — O(7), we have for the geodesic curvature 


he. sé B+ Gig! Fe +B 


Py VEU Flin Vy EL 2 Fb + Gb Oy B42 Fo + GG" 








* See Bianchi, Differentialgeometrie, p. 149. 
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In these equations £, F’, and G are the coefficients of the linear clement ot 
the surface ; that is to say for any curve drawn on the surface, we have 


ds? = dx? + dy 4+ d2= Edi + 2Fdudv + Gdr?. 


The given length Z of the curve v = $(u) joining the two given points 
is given by the integral, 


l - { y E 4 2F¢' + id” du 


The area J which we wish to make a maximum is given by the double inte- 
gral, 


“My ‘hiu a a 
/= | / V BG — F* dv du. 


The unknown function ¢ = $(7) will be found by causing to vanish the 
first variation of the integral 


Ua [of VERT P are ays 2 + Gr? ban, 
Ju Jfu 
where A is a constant. 
The differential equation for + = ¢(7) deduced from this condition in the 
Caleulus of Variations is the following : 


D 


or or cr d + Gi _ 
2V 4 2Fe' + Ge” duy B+ 2Fr' + Ge” 


ok OF, at » 
= + — a + 


VLG FP+n 


From this equation we show that the curve v = $(1) is of constant 
geodesic curvature. It is the simplification of this proof by means of a suit- 
ably chosen system of curvilinear coordinates that is the main point of this 
paper, 

Consider the differential equation 

ds? = Edu? 4+ 2Fdudv + Gde? = 0. 
This equation, being of the first order and of the second degree, may be 


replaced by two equations each of the first order and of the first degree. Let 
the general solutions of these two equations be 


B(urv)y =e’. 


a(u,v) =e, 
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The curves represented by these equations are the “minimal curves” of 
the surface. If we choose them as coordinate curves we shall have 


ds? = 2¥dadp. 


Suppose by this change of coordinates the equation of the curve r= $(1) 
becomes 8 = O(a). Then for the geodesic curvature we have 


| 1 C x c re 
ae a | oe 50’) 3 
Pp, ray 2 ee Vo opv () 
The differential equation (2) is of the same general form for any system 
of curvilinear coordinates. If we use a and 8 for curvilinear coordinates, it 
becomes : 
WH ua /F 


= - 0 9° 
cs \2 da\ p' (+) 


iN +r 28 
Ilere we may write 


d N if a) , “N 


= i 
da\ B’ ca\ O(a) BN (a) 


and thus (2) assumes the form : 


” YN © - a6 N 
as - - Q! - - _= 0, 
"O y2e3'" y2ca\ eA 


where @ is regarded, in the partial differentiations, as a function of a. From 


this equation it follows that 


i. 2 é Ft as 
A 7 NY 2 ( \ 0 cpY O ): 
and hence by the aid of (3) we infer that the curve 8 = @(a@) has the property 


that 
i, = A = com, 


Harvarp UNIVERSITY, 
CAMBRIDGE, MASSACHUSETTS. 











ON A SURFACE OF THE SIXTH ORDER WHICH IS TOUCHED 
BY THE AXES OF ALL SCREWS RECIPROCAL TO 
THREE GIVEN SCREWS.* 


By E. W. Hype. 


THe term serew was introduced by R. 8. Ball, in his book entitled ” The 
Theory of Screws,” and is applied to that geometric entity which represents 


completely the motion of a rigid body moving in any manner in space of 


three dimensions ; a system of rotations and translations of a rigid body being 
at any instant equivalent to a single rotation about a definite axis, together 
with a translation along it. . 

A screw, representing the geometric properties of this motion, is defined 
by Ball as “a straight line in space” (the axis of the screw) “with which a 
definite linear magnitude termed the pitch is associated.” 


In an article by the present writer on “The Directional Theory of 


Serews,”f a screw was defined in the language of the Directional Calculus 
as the sum of a line-vector,} or “sect” (the aris of the screw), given in 
position as well as direction, and a plane-vector perpendicular to it. The sect 
corresponds to the above mentioned single rotation ; the plane-vector to the 
translation. It was shown that, if S; and WS, are screws, their product ac- 
cording to Grassmann’s method is 

S, Sy = (4) + dy) cos 6—6s sin @, 


in which a, and a, are the respective magnitudes of the plane-vector parts, or 
in other words of the pitches, of the two screws; 6 is the perpendicular dis- 
tance between the axes of the screws, and @ is the angle between the axes. 
If this product is zero, the screws are said to be reeiproca!. 

In the article cited, it was further shown that the axes of the screws 
Which are reciprocal to three given screws are the totality of the generators 
of one system of a skew conicoid (ruled quadric surface), which changes in 
accordance with the variation of a parameter involved in its equation. 





ao 97 


* Presented to the American Mathematical Society at its meeting, 27 April, 1901. 
+ ANNALS OF MATHEMATICS, vol. 4 (1888), p. 137. 
t Grassmann’s Linienteil. 


(179) 











eae eg age 
ae he 


at od 


9 
oe 


as 
a 
. 





ene 


Oar ee 


* 
t Pp 
Pro) ent 
7 ~s fas “3 a 
RO OR AE tn AN cee eg IN 





¥ 


er ee ae 


a pn + haem teat oe 
nat ee a 
% 


OPN OO TT tne 


pa seaport me 


ae 


7 


. 
avs fe ee 23 
ae ee See eer Sl aurea 





iter me Rae 
reece : 
—~ 
; 








. 
ace 


: 
Sipe en 
~ 
Pe 











if: 
+4 
%, i z - 
$ ; y F} a 
hi 
aay 
a 3 





180 HYDE. 


The object of this paper is primarily to determine and discuss the envel- 
ope of this conicoid, which is a surface touched by the axes of all serews of 
the system, and thus to enable one to grasp more fully the nature of the system. 
The surface determined, however, possesses properties of an interesting 
character, aside from its relation to the system of screws. 


DEpUCTION GY THE EQUATION OF THE ENVELOPE SS. 


1. The equation of the conicoid above referred to is given as equation 
71 of the article cited, and is the following : 

PCS + 2 ey) (82 + 2 &)- (Sy + 2 ey) p =O, (1) 
in which p is a variable point, s;, 82, 8; are screws, €, €, €; are vectors, and 
gis the parameter. The expression (¢€ denotes a plane-vector perpendicular 
to €, so that #, + 2 €; = sj, say, is also a screw. 

It will be convenient to change equation (1) into a different form, which 
we proceed to do. Take a fixed point ¢,, and three mutually perpendicular unit 
Vectors ¢), tg, t3, and write 


! ~ — | | ~ - 2° } -/ 
Sr 2 = + (+2) GH 1+ 7 (4, 
i o~ i aan 
Ny + 2) €y = Coty + (Ma + Z) | lag = Cote + 2” | te, 
a) ik . . wn 
83 + 2) €; = folg + (3 + Z) lly = Cytg + 2 | ey.” 


Therefore equation (1) becomes 


' 


P(Cty + 2) (ota + 2" ta) (Hoty + 2” ts )p 
= P (Coby + Ztats) + (Cote + 2"tgt) (Cots + 2") pp 
= — 2 (Fy jyts)* — 2! (4 pigty)? — 2" (€y ptytg)®?§ — 2 2" 2" = 0. 
Now change to a vector system by writing p= +p: whence @y puts = 
fo(%o + P) et, = Co ptyts = p ty,f with similar values for the other terms; thus 
equation (1) becomes, on replacing 2’, 2, 2’” by their values, 


(4, + 2)(py)? + (4g + 2) (pita)? + (43 + 2) (ples)? 
+ (4, + 2) (24+ 2)(4, +2) = 0.4 (2) 





pendicular, and confluent; but it may be shown that any system reciprocal to three given 
screws has three screws belonging to it thus situated, and, since any three screws of the sys- 
tem determine it these three may be taken for that purpose. 
general. 


* This apparently restricts the system of screws, 8), 82, 8;, by making them mutually per- 


Our proceeding is therefore 


+ Equivalent tothe quaternion expression Spc. 
+ This equation is identical with the last equation on p. 121 of Ball's Theory of Screws. 
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This is the vector equation of the conicoid ; tt involves the varying parame- 
fer 2. The envelope of this conicoid will bea surface touched hy the axes of all 
the screws reciprocal to 8), 8, 83. 

This equation may be transformed into an equation in Cartesian coordi- 
nates as follows. The quantities p|c, p| tz, p| tg that enter in equation (2) are the 
scalar projections of p on the mutually perpendicular lines of reference, é. e. 
they are the ordinary Cartesian coordinates «, y, z. Replacing the parameter 
2 by w to prevent confusion we have as the equivalent of equation (2) the 
following : 

(ty + MH) a + (4 + B) IP + (Os + ) + (Oy + MW) (Oy + MW) (4g + w) = 0 (2') 
as the equation of the conicoid in rectangular coordinates. Multiplying out 
and rearranging terms, this equation may be written in the form: 
wet Pde ptr =O, . (3) 
in which 
uaa? + PF + 24 Lag, 
we Os? + ag + Ay? + 0305. 
Ya = + Wy + Ay, Lod = ayy + yds + Ay. 

Equation (2') or (3) is the Cartesian equation of the conicoid; it in- 
volves the varying parameter wp. The envelope of this conicoid is found, as 
before, by eliminating w between equation (3) and its partial derivative with 
respect to w; it is 


S = 4u* — (Sa)? 0? — L8arda 4+ 27r? 4+ 4(Xa)3r — 0. (4) 
DiIscUSSION OF THE SURFACE SS. 


2. Discussion of Equation (4). Since no terms of odd degree in x, ¥, 
or z appear in equation (4), the surface S is symmetrical with respect to each 
of the three reference planes. It is evident at once that S passes through the 
curve of intersection of the sphere « = 0 and the conicoid v = 0; also, as (4) 


can be written in the form 
” 
Sa=ure+e'r= 0 where u’ = 4u — (Sa)?, 
S is tangent to v along the curve inwhich v is cut hy u; ¢. e. along the curve 
u = 0, v = 0, which we shall call the curve we. This is plainly as it should be, 
because v = 0 is the surface of equation (3) when w= 0. S also passes 
. a . . . oO a ee 
through the points of intersection of v = 0 with the surface w = 0 
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3. Expression of the Coefficients in Terms of the Differences of the a’s, 
It appears that if (4) be expanded by inserting the values of wand v and 
multiplying out, the literal coetlicients will all be homogeneous functions of 
Ms Qos Ug, Which are the roots of a cubie whose coefficients are Za, Zaa and 
hy Og C3. These literal coefficients may then all he expressed in terms of the 

= ~ oo . . 
differences of these roots. In fact, if we write /) = dy — dg, dg = 43 — 1, 
J, = a, — dy, We find that (4) may be written in the form 


; ; bi tae ; 7 . P 4. 8d d. “i _ rs P + aL 
x” 4+ Ui + 2° — + Pt? 4. 3a* G + 2°— — ) + oy (= + re — 12 ) 


12 


/? Sd id 
+ 32 ( + Um = : é a = —s 


+ dd,(d? + 2d,d,) 27) + Hs + 3 / (id, — 10d?) yz? + (dl, — 10d?) 22,2 


) + A [d,d, (P24 2d, ) a? + dy, (dE + 2d)? 


; es (dd. mae 10d?) a y* | = (). (5) 


4. Simplification of the Equation of the Surface. Equation (5) contains 
only tivo independent constants, since d) + ¢_ + d; = 0. As it does not con- 
tain the a's, it is evident that any values may be assigned to them which do 
not alter the values of the @s, % 6. each @ may be increased by any given 


number x,* which may be positive or negative. Let us write then 


a us 7 ' , > .,! 
* =%—@ = d., (“1 = (ly — ly ly — 3) Sa d, me d 
4 ° ° } ’ ’ a, 
a, = 4, —4,=0 -3 24d, = 03; —=a,-—a,5 , {2a'a — dd, } 
, , , ’ ’ , 
a; = (3 — ty = — J, (1, =H%—-Hh=4,— ay) [vases —() 


Substituting these values in (4), it becomes 
$n — (dy — d,)2 02 — 18(dy — yur 4 27 4 Aly — ye = 0, (6) 


and we have 
Mom go? 4+ y* a dd, (7) 


v= dye? —d2 = (2 Vdy + 2) (2 ds — 2¥d,). (8) 

These are the simplest forms to which the epMations can he reduced, 
If we assume (7 > @y > 43, Which does not affect the nature of SS, but only its 
position relatively to the axes of reference, then d; and d, will always be pos- 
itive, and » = 0 will represent two real planes through the Yaxis. SS there- 


Sore touches the planes v = 0 along their circles of intersection with the sphere 


* This is seen at once to be in agreement with the manner in which the parameter » enters 
equation (2’). 
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u = 0, whose radius is Vd,d,. These circles are shown in fig. 2 and are 


designated by the numerals 23 and 25. By assuming different values of 


(1, 4g, @z Such that the @’s are unchanged, an infinite number of curves wv can 
be obtained, along each of which S touches +. 


5. Intersections of v and S. Let us eliminate z between + = 0 and 


d. 
equation (8): then since 2? = 1, 2, equation (8) becomes 
Ti in (d, -- d)*) = - 


, d, . Ad, r 
(7 — i. ~- d, ) E — i, “ ie], d — (d/, — my | = (), 


. 2 
or (7 = “r a® — dls ‘h) = 4, (9) 


j 
d, 


= y? — fl? = (), (10) 


and xy ; 
my 


Hence the tivo planes ¢ = 0 are tangent to S along the curves whose projec- 
tions on NY ave the ellipse of (9), aud intersect S in the curves whose projections 
on XN Y are the ellipse of (10). These are ellipses because ¢, is negative while 
d, and d, are positive. These curves of section of v and S are in Suct circles, 
since (9) and (10) are simply the equations of the projections of the curves of 
section of » with «and w' as in §2, ¢. ¢. of spheres and planes. The circles 
of equation (10) are shown in fig. 2.as 14 and 16. In figs. 1 and 3 they 
coincide with the circles of equation (9). 

6. Intercepts of Sou the Awes. In equation (5) let y =2z= 0, then 

x 4(?? + Ril, dl,)a* + $/,d,( a? + 2d, d,)x? — } A? 2 ad? 
= (0? —_— d, 1)? (0? _ d?) = () 
By symmetry we have at once similar result; when z= .«= 0, and when 
“= y= 0, hence we have for the intercepts on the axes of reference, 
to=tVesd, and wi =43,, 
Yo = 4 Vi and Y = 4 4 d,, ( 1] ) 
tV¥didy and 2 =+ 443. 


= = 
7. Nodal Points. The values of xo, Yo, %, being derived from square 
factors. correspond to double points in the curves of section of S with the refer- 


ence planes, and to nodes of S, real or imaginary. Of the six values only two 
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are real, because ¢, is negative, namely yy = + ¥d,d,. The intercepts x9, 45, 25 
are always real. 

8. Nodal Tangent Cones. To find the equations of the nodal tangent 
cones at (0, + Vids), 0) and (0, —yd3d), 0). Change the origin to the first 
point by writing y = 7' + Vdsd,: then we have w= 2? + y” + 2y' Vdd, + 2, 
while v is unchanged, « and v being taken as in (7) and (8). The equation 
of the tangent cone at the new origin can be obtained by writing the terms of 
the second degree in the transformed |S equal to zero. We get 


’ 


4(/, —_— 1) 3 (dy a? = d 2°) aa (dd. — 1 )?( 4 dd, y") = 
or (dd, — d,) (ds a? — d, 27) — dg, y” = (). 


This is the equation of the tangent cone when the origin is at the node. Taking 
the origin at the centre of S we have for the two nodal cones 


(d, — 11) (Aga? ae dz) — AAC y Fy dd, )* = 0, ( 12) 


the upper sign giving the one on the positive side of the origin. If we let 
x = 0 in (12), we have for the nodal tangents in the YZ plane 


er 
Y= “\ id. t ya: (15) 
and similarly, putting z = 0, we have for the nodal tangents in the NY plane 
d,—d 
— 3 i ‘ 
yor Vd, tyyd)- (14) 


Since we are assuming d; and d, both positive, one of these sets of tangents 
will be real, while the other set will be imaginary. In fig. 2, which is con- 
structed with the values 7, = 4, 7, = 1, the lines of (13) are real, and those 
of (14) imaginary, so that as regards the section by the VY plane 
(0, + Vis), 0) and (0, — Vg, 0) are conjugate points. 

9. Determination of the Cuspidal Edges, or Edges of Regression, of the 
Surface. If we assume given constant values for d,, /, and dy, and let the 
ws vary, the wv line will generate the surface. The cusp line, as the figures 
show, is the locus of points on S most distant from the Z axis. We will take 
the point where the plane y = mx cuts the v~ curve, find its « coordinate in 
terms of one of the a’s, say a3, and the d's; then, taking @ as an independ- 
ent variable, determine its value when #? is a maximum. Since a, = a, — d, 
and a, = a, + d,, we have 
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Lad = ats + aga, + ad, = (a3 + d)) a3 + a3 (a, — d,) + (a; — d,) (a; + d,) 
= 505 + 2a; (4, — d,) — dd, = ba; + 2a36; — did, ; 

in which we have written d,— dd, = 6,. We shall also find it convenient to 

use the relations 


d,—d =6 and d,—d,=6. 
We have also 


A433 = (A, — ds) (3 + d\) ; = Uz (az + 138. _— didy). 
With these values we have, putting mx for y, 
3 = Aza? + aginPa? + 327 + ay (303 + 20,6, — d,d,) = 0, 
v= (A, — dy) 2? + (4,4 d,) mea? + agz? + ag (0? + 4,6, —d,d,) =0. 
3 2 3 1 3 3 (43 3 Os 12) 


v—adgu = (md, — d,)a? — a5 (202 + 438) = 0; 


( 
(m?d, — d,) — x= fa + 24363 = 0- 
7 das . , 
Thus a=Q0 and a;=— 4 &. 


Differentiating again 
i g _ 1243+ 26; 


-—— a <— 
dai med, —d 


When a; = 0 the second derivative is positive, because 6; = 7, — ¢/,, and 


d, is negative, while d, is positive, indicating a minimum ; and when a, = — 46, 
the second derivative is negative, indicating a maximum. Inserting the value 
(4 = — 46, we find the maximum value of x? to be 
3 
Pad — 


27(ned, — dy) 
We find also 
a, = dz — dy = — 46; — dg = — fd, + fd, — dd, 


=— 4(d, + 2d, ) =— 4 (20d, — d, — ds) =— 46), 
and similarly a, = — 46. Hence 
usage 274 2568 H= 094+ P+ 24 Fidd =), (15) 
— 3v, = 6,07 + jy? + 827 + F 8, 6,8; = 0. (16) 


The surface S is tangent to v, along the cusp curve u, v,, and hence the cusp tan- 
gent at any point is easily found, 

10. Various Forms of S. We will now consider the different forms 
that |S may assume through change of the constants. As appears by equations 
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(6), (7), (8), the surface depends on only two constants, d; and d,, which 
are always positive; hence, its torm depends only on their relative magnitude. 
We will consider three cases. 

Cuse 1. Let ds = d); then equation (6) reduces to 


bet 4 27 = Mar + P+ P— Ay + 2d -—FyP=0 (17) 





Fig. 1. 


Fic. 1. 


A fourth part of the surface is shown in fig. 1, which, like the other two, is 
drawn in isometric projection. Equation (17) shows at once that Scan have 
real potuts only when the radius vector is less than, or equal to, d, : hence the 
surface is wholly within or upon the sphere u = 0, and the cusp lines are great 
circles of that sphere, whase planes hisect the angles hetween the X Y and YZ 
planes; for when d, = d), 


eo= w? 4 Ui sh OP ce P = U), 
and u. = dy (a0? — 27) = (=> (4 —2z)(4 4+ 2). 


The section of S by the ZX plane is the hypocyeloid described when the 
‘radius of the rolling cirele is one fourth that of the fixed circle, and having 
the equation 

pe + i Zh 3 


when referred to axes bisecting the angles between the axes of Z and Y in the 
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figure. The nodal tangent cones, equation (12), reduce to double planes par- 
allel to the Z X plane, and touching S at (0, d;, 0) and (0, — dy, 0). 


Lj a § y > / ’ , r 
Case 2. When 1 < d,/d; < « we have the general case, an example of 





Fig. 2. 





which is shown in fig. 2, for which 7; = 4 and ¢d;= 1. The planes + = 0 
pass through OY and the lines O5 and O83 respectively and touch S along 
the circles 25 and 23. There are nodes at (0, 2,0) and (0, — 2,0), only the 
former being shown, The equation of the nodal tangent cones is 


or 


— 42°) —A(y F 2/7 =O. 


If d; approaches ¢, in value the circles of equations (%) and (10) (in fig. 2 
25 and 16, and 23 and 14) approach each other, finally coinciding. The nodal 
cone flattens out perpendicularly to OY, and reduces finally to a double plane 
as we saw above. 

If, on the other hand, ds; diminishes toward zero, we approximate toward 


the third case as shown in fig. 3. 
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Cause 3. When d, = 0 the surface becomes one of revolution about the 





FIG. 3. 


Z axis, the cusp curves are horizontal circles given by the equations 


and the nodes have receded to the centre and disappeared, the equation of the 
nodal cone becoming 2? = 0. 

11. Conclusion. The surface S, which we have determined and dis- 
cussed, assists the mind in forming a conception of the screw system recipro- 
cal to Sy Sq, 83. Every SCTOEU ALIS of the system touches S, but not every 
line that touches S belongs to the system; for, in order to do so, it must also 
be a generator of some one of the skew hyperboloids of the system formed by 
assigning different values to # in the equation 


(4) + Bye + (4, + BY? + (My + B)ee + (Oy + Bh) (Ay + ) (4g + w) = O. 


The surface S shows us how these hyperboloids are situated and how 
they vary. 


CINCINNAII, O., May, 1901. 








NOTE SUR L’'EVALUATION D'UNE INTEGRALE DEFINIE. 
(A propos de la Note de M. Pell, ANNALS OF MaTHEMATICS (2), t. 1, no. 3.) 
Par M. D. Sintsor. 


M. Pell dans sa note: “ Evaluation of a definite integral ” — ANNaLs (2) 
t. 1, no. 3— s’occupe de l’intégrale 


7 


—pri—qr-2 SI , 5 ie = 
e (rae + sa *\da, 
0 cos 


qui selon Bierens de Haan a été évaluée par M. P. Helmling. L’ouvrage de 
P. Helmling “Transformation und Ausmittelung bestimmter Integrale mit 
besonderer Riicksicht auf gréssere Werthe der Griinzen und implicirten Con- 
stanten ” parut 4 Milan en 1854 et parait ¢tre assez rare 4 présent. II ne sera 
done pas inutile d’indiquer ici bri¢vement le procédé de P. Helmling (/. c., 
p. 87). 


a 
Soit 7] = | “ e@wt—pryr evi dx ( 1 ) 
. JO 
Vintégrale d évaluer. Différentions-la par rapport 4 7 sous le signe de linté- 
grale : 
dy ew 
“= — 2re™' em Re — ae 2-8 dz. (a) 
dr 0 


Introduisant ici au lieu de x la variable nouvelle a’: 


r 1 


e ywm—pye . 


ry; vr 


; (0) 


= 


P. Helmling conclut : 
dy 


a a 2r, eutrty, (2) 
dr 


L’intégration de cette équation différentielle entre y et r donne 


—2rr\ (m + v)i 


Y= c-e 
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La constante ¢ peut étre déterminée si l'on pose + = 0. Dans ce eas 


= ” 
(Yroo = C= | e—rateai dy = VO e-ni 
Yr= »/: 
“ — 1 
de sorte qu’entin 
y= V7  — arrjele +i + wi), (3) 
. yy; 
zr) 
Posons ici 
pe eet —-act Br, yp? e="' a y rr PY) 


et séparons la partie réelle et la partie imaginaire des deux expressions (1) et 
(3) de y. Nous aurons les formules tinales de P. Helmling. 

Tel est son procédé. Tout simple qu’il est, il donne toutefois lieu 4 deux 
remarques. I] repose sur les opérations (a) et (4), quil faut prouver. 

(a) En premier lien, la ditférentiation sous le signe de Vintégrale définie 
est une opération assez délicate et peut mener a des résultats illusoires si In 
fonction sous le signe d'intégrale devient intinie entre les limites d’intégration, 
ou si les limites mémes sont infinies. Nous sommes dans le second cas, la 
fonction & intégrer 


ST ( Se) 4 
reste finie entre les limites (O,x ); elle devient nulle aux limites, si l'on a 
cos 2u > 0, cos 2p > 0, (4) 


Ce sont bien les conditions indiquées par M. Pell, 7. ¢. 
On peut s’assurer aisément que dans ces conditions la différentiation est 


légitime. Posons en effet 


Vet V étant deux fonctions réelles des variables réelles # et r remplissent les 
conditions de M. Picard (Traité d’analyse, t. 1, p. 33): 1° pour # positif et 
suffisamment grand U7’ et V ainsi que les dérivées 


7 oo «o> — ; i ee 
U, = —=[Ucos2v + Vsin2v], Vi = + =[U sin 2v — Veos 2v] 
i ; eS 


deviennent et restent plus petites en valeur absolue que Wa", quelque grand 
que soit le nombre positif 1; 2° les expressions Uj(42,r + 4,) — Ul(a,r) et 
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“alt Tl am : 

Vi(a,r +h) —V{(2, r) sont nulles pour x = 0, et pour toute autre valeur 
positive de x on peut trouver /, tel que les dites différences soient aussi 
petites que l’on veut. Done, comme le démontre M. Picard, nous pouvons 


écrire : 
] wy 
- [ Udx = f Utdan; 2 f[ vaca [ Vide 
dr Jo I dr Jo B diane: 
@ “(UK iV) dr = "(UL iV) dx q.e. d.* 
dr Jo Jo : . ; oe 


(4) Liintroduction de la nouvelle variable x’ par (4) en (a) donne, 
4 proprement parler, non pas l’équation (2), mais l’égalité : 


dy 
e a > (~+yv)i F J w= / 
dr _ [- (a, 7) da’, 


dou 








*On peut démontrer (a) directement. Divisons le champ d’intégration en deux: (0, 1), 


= 
(1,«). Liintégrale F(r) = { I(r, r)dr donne: 
Ji 


F(r + Ar) — F(r) _ (“ae r+ 4r)— f(t. r) 4, +e = r+ ar)—fz.r) 
j ; re 


4r 1 Ar Ar 
* 
Quand Ar tend vers zéro, la premiére tend vers fi. (2, r) dr, Vintervalle dintégration étant 


“f(z, 7 + Ar) — f(z, 1) 


dx sera 
Ar 


finie, et la fonction f(z, r) sans discontinuités. La seconde f 
a 


= 
égale a f d Io (& r + @Ar) dz, ot X reste fini. d’aprés la formule connue de M. Darboux 
l 
a 


(Journal de mathématiques 3° sér. t. 2, 1876) et pour] = & Vintégrale tend donc vers zéro, comme 
l'on conclut avec M. Picard (1. ¢.), f.(7, r) étant en valeur absolue moindre que Mzr—; donc 


vraiment 
=z 
Fr) = { Sia, r) dr. 
Jl 


En introduisant 7 = 1/7’, nous aurons 


| = ~ 1. , 
P(r) = { f(ar)dr= f, ee r) SS 
-/9 e 


x! 
et nous démontrerons de la méme maniére que 


oe di ! be | 
P(r) ={ f( 4 > v) > = | SI (2, r)dr ; 
Ji ad g' oil 


d (™ ww l q.e.d 
done enfin aS, f(a. r)dr = { Sy (a, 0) ae, Bree 


Cette démonstration est due A M. Osgood. 
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ou l’intégrale a droite est prise suivant la droite qui fait angle v—y (comprise j 
T Tv > : . : 
entre — 7 ett; ) avee axe des abscisses. Or cette intégrale est bien égale 


a y, ce que l’on voit par exemple en prenant lintégrale suivant le contour 
cs Ee Bina fermé formé par la partie positive de l’'axe des abscisses, le quart de cercle du 
i Ea | rayon infiniment grand et la droite mentionnée plus haut — l’intégrale suivant 
Oe z 3 are du cercle étant nulle, les deux intégrales sont bien égales. 


EKATERINOSLAV, RUSSIE. 
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